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Abstract

The global behavior of a dynamical system can be described by its
Morse decompositions or its attractor and repeller configurations. There
is a close relation between these two approaches and also with (maximal)
chain recurrent sets that describe the system behavior on finest Morse
sets. These sets depend upper semicontinuously on parameters. The
connection with ergodic theory is provided through the construction of
invariant measures based on chains.
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1 Introduction

This paper elaborates on some notions and results in the theory of dynamical
systems in continuous time, due to C. Conley. We stress the relations between
chain transitivity, Morse decompositions and attractors. While many of the
individual results in this paper are known, they have not been presented in a
unified way that explores all the connections. The paper is mostly self-contained
(except for a few topological results), and presents several examples to stress
the core concepts of global behavior. It is an extended version of Appendix B
in [6.

In Section 2] we recall some basic properties of compact metric spaces. Sec-
tion 3] discusses the basic concepts of continuous flows on compact metric spaces
with time in the real line R. Sections[d] [} and [f] analyze the relations between
Morse decompositions and attractors, Morse decompositions and chain recur-
rence, and chain recurrence and attractors, respectively. Section[7]is devoted to
the construction of invariant measures based on chains. The final Section [l con-
siders families of dynamnical systems and shows that maximal chain transitive
sets depend upper semicontinuously on parameters.

Conley’s theory of flows on compact metric spaces also allows the construc-
tion of generalized Lyapunov functions outside of the chain recurrent set. For
an elaboration of this point of view, see Robinson I} Section 9.1] or Easton

oa.

2 Metric Spaces

This paper considers continuous dynamical systems on compact metric spaces.
For these, we recall a few basic concepts and theorems.

Definition 2.1 A metric space (X, d) is a set X together with a distance func-
tion d : X x X — R such that for all points z,y,z € X the following holds: (i)
d(z,y) > 0 and d(z,y) = 0 if and only if x =y, (i1) d(x,y) = d(y, ), and (iii)
d(z,z) < d(z,y) + d(y, 2).

A metric space X is compact if every sequence in X has a convergent subse-
quence. This is equivalent to each of the following conditions (cp., e.g., Pedersen
I8 Theorem 1.6.2 |):

(i) Each cover X = J,, Vi, by open subsets V,, with « in some index set has
a finite subcover.

(ii) If A is a family of closed subsets of X, such that no intersection of finitely
many sets in A is empty, then the intersection of all sets in A is nonempty.

Note that condition (ii) implies, in particular, that every decreasing (with
respect to set inclusion) family of nonempty closed subsets of X has nonvoid
intersection.

A metric space X is compact if and only if it is complete (i.e., each Cauchy
sequence has a limit) and it is totally bounded; this property means that for



every ¢ > 0 there are finitely many points 1, ...,z, € X such that

n
X=J{yeX, dy,z) <e}
i=1
(see, e.g., Engelking [[] Theorem 4.3.29]). Furthermore, every compact metric
space has a countable basis of its topology, i.e., there are countably many open
sets Vi, n € N, such that every open set V' can be written as the union of sets
V.

Theorem 2.2 (Baire) The countable intersection of open and dense subsets
i a complete metric space is dense.

A proof is given, e.g., in Pedersen [I§ Proposition 2.2.2.] or Engelking [I]
Corollary 3.9.4].

Theorem 2.3 (Blaschke) The set of nonvoid closed subsets of a compact met-
ric space becomes a compact metric space under the Hausdorff distance

dp (A, B) = max {I;leaj( [?élg d(a, b)] , max [ggﬂ d(a, b)} } . (1)
In fact, one can verify that this space is complete and totally bounded and
hence compact.

3 Flows

We start with some basic concepts and properties for continuous dynamical
systems on compact metric spaces with an emphasis on Conley’s theory [0, H].
For a thorough analysis see, in particular, Akin [I], Robinson [2I], and Katok
and Hasselblatt [[4]. For generalizations to the case of noncompact metric
spaces, see Rybakowski 23] and Hurley [[3].

Definition 3.1 A flow or continuous time dynamical system on a metric space
X is given by a continuous map ® : R x X — X that satisfies ®(0,z) = x and
O(t+ s,2) = O(t, P(s,x)) for allx € X and all t,s € R.

In the following we frequently use the suggestive notations z - ¢t := @,z =
O(t,x) for t € R and 2 € X. The orbit of a point € X is then {y € X, there
iste Rwithy=®(¢t,z)} =z-R.

Definition 3.2 The w-limit set of a subset Y C X is defined as

= (el (Y - [t, ).

w(Y) = {y e there are ty, — oo and yx € Y }
>0

such that yy -t — y

Similarly

WY = {y X, there are ty, — —oco andyy € Y }

such that yi -t — y

= (el (Y - (~o00,~1]).

t>0



Note that, in general, w(Y") will be larger than the union of all w(y), y € Y,
see Example below. If the space X is compact, the sets w(Y') are nonvoid,
compact, and invariant. They are connected if Y is connected. The w*-limit
sets (often denoted as a-limit sets) are the w-limit sets for the time reversed
system ®*(¢,x) := ®(—t,z), t € R, z € X. A point x € X is called recurrent if
zr € w(x).

Example 3.3 Consider the ordinary differential equation
i=a(z—1)(z—2)3*(x—3)

on the compact interval X = [0,3]. The solutions p(t,z) of this equation with
©(0,z) = x are unique and exist for all t € R. Hence they define a dynamical
system ® : Rx [0,3] — [0, 3] via ®(t, x) := p(t.x). The limit sets of this system
are of the following form: For points x € [0, 3] we have

{0}  forx=0
{1} for xz €(0,2)

wiw) = {2} forzxe€]2,3)
{3} forx=3.
Limit sets for subsets of [0,3] can be entire intervals. E.g.,for Y = [a,b] with

a € (0,1] and b € [2,3) we have w(Y') = [1,2], which can be seen as follows:
Obviously, it holds that 1,2 € w(Y). Let x € (1,2), then tlir_n O(t,x) = 2.

We define t, :=n € N and z,, := o(-n,z) € (1,2) C Y. Then ®(t,,x,) =
®(n,®(—n,z)) = z for all n € N, which shows that w(Y) D [1,2]. For the
reverse inclusion let © € (0,1). Note that tlim ®(t,a) =1 and for all y € [a,1)
and all t > 0 we have d(®(t,y),1) < d(P(t,a),1), where d(-,-) is the metric on
[0, 3] inherited from R. Hence for any sequence y, in [a,1) and any t, — oo
one sees that d(P(tn,yn), 1) < d(P(tn,a),1) and therefore lim d(®(t,,yn),1) <
lim d(®(ty,a),1) = 0. This implies that no point x € (0,1] can be in w(Y).
n—oo

The same argument applies to x = 0, and one argues similarly for x € (2, 3].
Furthermore, the limit set of a subset Y can strictly include Y, e.g., for Y =
(0,3) it holds that w(Y) = [0, 3]:

We show that 0,3 € w(Y), the rest follows easily. Let x € (0,1). Define y,, :=
O(—2n,z) and x, := ®(—n,x), then ®(n,y,) = ®(n, ®(—2n,z)) = (—n,z) =
x, and limz, = 0. Hence with t,, :=n and y, as above we have ®(t,,y,) — 0.
The argument is similar for proving that 3 € w(Y'), and for points in (0, 3).

Example 3.4 Consider the following dynamical system ® in R*\{0}, given by
a differential equation in polar form for r >0, 6 € [0,27), and a # 0:

r=1-—r 6 = a.

For each x € R?\{0} the w-limit set is the circle w(z) = S = {(r,0), r = 1,
0 € [0,27)}. The state space R?\{0} is not compact, and a-limit sets exist only
for y € St, for which we have w*(y) = St.



Example 3.5 For dynamical systems in R% we have: A non-empty, compact
limit set of a dynamical system in R?, which contains no fized points, is a closed,
i.e. a periodic orbit (theorem of Poincaré-Bendizson, see, e.g., [Z1]). Any non-
empty, compact limit set of a dynamical system in R? consists of fized points,
connecting orbits (such as homoclinic or heteroclinic orbits), and periodic orbits.

Definition 3.6 A flow on a metric space X is called topologically transitive if
there exists some x € X such that w(x) = X; the flow is called topologically
mazing if for any two open sets Vi, Vo C X there exists T > 1 such that

Vl'(—T)ﬂVQ#Q.

Proposition 3.7 If a flow on a complete metric space is topologically mixing,
it is topologically transitive and {x € X, w(x) = X} is residual, i.e., it contains
a countable intersection of open and dense subsets.

Proof. Topological mixing implies that for any two open sets V1, Vo C X there
exists a sequence t; — oo such that

Vi-(=tp)NVa # @.

Thus for all open V' C X the set (J;5, V- (—t) is dense in X, because otherwise

there would exist open sets V7 and V5 with <Ut20 Vi - (—t)) NVy = &. Now for

a countable basis V, of the topology and m,n € N the sets V,, - (—m) are open.
Then the sets

Xm,n = U Vn : (7t) = U (Vn : (7m)) : (7t)

t>m t>0

are open and dense. Hence, by Baire’s theorem (Theorem , the intersection
(Vin.neny Xm,n is nonvoid. We claim that for every z in this set w(z) = X. It
suffices to show that the closure of every basis set V,, has nonvoid intersection
with w(z). Clearly, © € M, ,en Xmn € Npen Uispm (Vo - (=1)). This shows
that z - t,,, € V,, for a sequence t,,, — co. ®

We note that related but different concepts of topological transitivity and
topological mixing are, e.g., discussed in [[4]. The next result due to Banks et
al. [ shows that a topologically transitive flow with a dense set of periodic
points also has sensitive dependence on initial conditions. Thus it is chaotic in
the sense of Devaney [d].

Definition 3.8 A flow ® on a metric space X has sensitive dependence on ini-
tial conditions if there is § > 0 such that for every x € X and every neighborhood
N of x there are y € N and T > 0 such that d(y - T,z -T) > 6.

Proposition 3.9 Consider a flow ® on a metric space X that is not a single
periodic orbit. If the flow is topologically transitive and has a dense subset of
periodic points, then it has sensitive dependence on initial points.



Proof. First observe that there is a number §; > 0 such that for all z € X
there exists a periodic point ¢ € X whose orbit is a distance at least dy/2 from
z. Indeed, choose two arbitrary periodic points g; and ¢o with disjoint orbits
q1 - R and ¢2 - R. Let 0y denote the distance between the compact sets g1 - R
and ¢o - R. Then by the triangle inequality, every point € X is a distance at
least dp/2 from one of the chosen two periodic orbits. We will show that ® has
sensitive dependence on initial conditions with sensitivity constant § = dy/8.

Let x be an arbitrary point in X and let N be some neighborhood of x.
Because the periodic points of ® are dense, there exists a periodic point p in the
intersection U = N N Bs(x) of N with the open ball Bs(z) of radius ¢ centered
at x. Let T denote the period of p. As we showed earlier, there exists a periodic
point g € X whose orbit is a distance at least 40 from z. Set

V= () Bsla-t)-(-1).

0<t<T

By continuous dependence on the initial value, the set V is open and nonvoid
because g € V. Consequently, because ® is topologically transitive, there exist
yin U and 7 > 0 such that y - 7 € V.

Now let j be the integer part of 7/T + 1. Then 0 < jT — 7 < T and, by
construction, one has

y-(GT)=(-7)-(GT—7) eV ([T —7)C Bs(qg- (T —7)).
Now p - (§T') = p, and so by the triangle inequality

d(p-(GT),y - (JT)) = d(p,y - (GT))
>d(z,q- (T = 7)) =d(q- (T = 1),y - (§T)) = d(p, ).
Consequently, because y - (§T) € Bs(q - (jT — 7)), one has
dlp- (4T),y - (jT)) > 46 — 6 — 6 = 24.

Thus, using the triangle inequality again, either d(x - (T),y - (1)) > & or
d(z-(4T),p- (§jT)) > 0. In either case, we have found a point in N whose image
after time j7 is more than distance ¢ from the image of x. =

Remark 3.10 The proof of Proposition[3.9 is adapted from discrete to contin-
uous time from Banks et al. [3].

4 Morse Decompositions and Attractors

The global behavior of flows on compact metric spaces can be described via
Morse decompositions, which are special collections of compact invariant sub-
sets. A set K C X is called invariant if x - R C K for all z € K; a compact
subset K C X is called isolated invariant, if it is invariant and there exists a
neighborhood N of K, i.e., a set N with K C int IV, such that z-R C N implies
x € K. Thus an invariant set K is isolated if every trajectory that remains close
to K actually belongs to K.



Example 4.1 Consider the dynamical system discussed in Ezample In-
variant sets for this system are the sets of the form {x*}, where x* is a fized
point, all closed intervals with fized points at the boundaries, and disjoint unions
of these two types. Note that ’invariant’ means forward (for t > 0) and back-
ward (for t <0) in time, hence this flow has no other invariant sets. It is easily
proved that all invariant sets of this system are isolated invariant.

Example 4.2 Consider on the interval [0,1] C R the ordinary differential equa-

tion
. [ a?sin(Z)  for € (0,1]
r= 0 for x=0.

Invariant sets for the associated flow include again sets of the form {x*} where
x* is a fived point. But the set {0} is not isolated invariant: Let U(0,¢) be the
e—neighborhood of 0 in [0,1]. Then there exists x € U(0,e) with sin(Z) = 0,
i.e. x is a fixed pint and hence ®(t,x) = x € U(0,¢) for all t € R.

Definition 4.3 A Morse decomposition of a flow on a compact metric space
is a finite collection {M;, i =1,...,n} of nonvoid, pairwise disjoint, and iso-
lated compact invariant sets such that: (i) For all x € X one has w(z), w*(z) C

UMZ" (it) Suppose there are Mj,, M;,,...M;, and x1,...,2; € X \ UMZ
i=1 i=1
with w*(z;) C M, and w(z;) C My, fori=1,...,1; then M, # M;,. The
elements of a Morse decomposition are called Morse sets.

Thus the Morse sets contain all limit sets and “cycles” are not allowed.
As an easy consequence of this definition we obtain the following equivalent
characterization.

Proposition 4.4 A4 finite collection {M;, i = 1,...,n} of nonvoid, pairwise dis-
joint, and isolated compact invariant sets is a Morse decomposition if and only
if condition (i) holds, w*(x) Uw(x) C M, implies x € M;, and the following
relation “<X” is an order (satisfying reflexivity, transitivity and antisymmetry):

‘ ., there are M, = M;, M;,,.M;, = My and z1,...,2; € X
M 2 My if with w*(z) C M, and w(zk) C Mj, fork=1,..,1L
(2)

We enumerate the Morse sets in such a way that M; =< M; implies i < j.

Proof. The “no-cycle” condition (ii) in the definition of Morse decompositions
is equivalent to the stated property of the limit sets and the antisymmetry
property of the order “<”. Transitivity is clear and reflexivity follows from
invariance of the Morse sets. The numbering is always possible, but it need not
be unique. =

Note that ¢ < j does not imply M; =< M; and that it does not imply the
existence of z € X with w*(z) C M, and w(z) C M,. Morse decompositions



describe the flow via its movement from Morse sets with lower indices toward
those with higher ones.

A Morse decomposition {My, ..., M, } is called finer than a Morse decom-
position {M7,..., M., }, if for all j € {1,...,n'} there is i € {1,...,n} with
M; € M. The intersection of two Morse decompositions {Mj, ..., M, } and
{M], ..., M.} defines a Morse decomposition

{Min My, g},

where only those indices ¢ = 1,...,n, 7 = 1,...,n’ with MiﬂM; # o are allowed.
Note that, in general, intersections of infinitely many Morse decompositions do
not define a Morse decomposition. In particular, there need not exist a finest
Morse decomposition. The intersection of all Morse decompositions for a flow
need not be a countable set. It may form a Cantor set; see [, p.25] (and use

Theorems and .

Example 4.5 Consider the dynamical system discussed in Example[3.5 This
flow has, e.g., the following Morse decompositions [1,3] < {0}, {0} = {1} =
[2,3], {0} = [1,2] = {3}, {1} = {0} U [2,3], and others. It also has a unique
finest Morse decomposition {0} = {1} < {2} < {3}.

Example 4.6 Consider the dynamical system defined in Exzample[[.3 Morse
.. . L i 1
decompositions of the associated flow are, e.g., the sets M™ :={{-}, [0, 37] U
[15,1]} for n € N. Note that "\M™ = {{0}, {1} for n € N} is not a Morse
decomposition. This system does not have a finest Morse decomposition, since

all the individual sets {%} for n € N would have to be included as Morse sets.

Morse decompositions can be constructed from attractors and their comple-
mentary repellers. We will now define these rather intricate objects.

Definition 4.7 For a flow on a compact metric space X a compact invariant set
A is an attractor if it admits a neighborhood N such that w(N) = A. A repeller
is a compact invariant set R that has a neighborhood N* with w*(N*) = R.

We also allow the empty set as an attractor. A neighborhood N as in Def-
inition [I7] is called an attractor neighborhood. Every attractor is compact and
invariant, and a repeller is an attractor for the time reversed flow. Furthermore,
if A is an attractor in X and Y C X is a compact invariant set, then ANY is
an attractor for the flow restricted to Y.

Example 4.8 Consider again the dynamical system discussed in Example[3-3
This system has, besides @ and the entire space [0, 3], three attractors, namely
{1}, [1,2], and [1,3]. The fact that these sets are indeed attractors follows
directly from the limit sets discussed in Ezample[3.3 To see that there are no
other attractors one argues as in Examples[3-3 and[{1} Similarly, the nontrivial
repellers of this system are seen to be {0}, [2,3], {3}, {0}U[2,3], and {0} U{3}.



Example 4.9 Consider the complete metric space S', the 1—dimensional sphere,
which we identify here with R/2w. On S* the differential equation

& =sin’z

defines a dynamical system. For this flow, the only attractors are @ and S': Let
A C St be an attractor, i.e. there exists a neighborhood N(A) with w(N) = A.
For each point x € S* the limit set w(x) contains at least one of the two fived
points O or w, which implies that each attractor has to contain at least one of
the fixed points. Consider the point m and let N(m) be any neighborhood. We
have [m,0] C w(N) C A. Repeating this argument for the fized point 0, we see
that [0, 7] C A, and hence A = S!.

We note the following lemma.

Lemma 4.10 For every attractor neighborhood N of an attractor A there is a
time t* > 0 with cl (N - [t*,00)) C int N.

Proof. We may assume that N is closed. Suppose that there are ¢,, — co and
x, € N with z, - t, ¢ int N. Hence we may assume that x,, - t,, converges to
some element = ¢ int N. This contradicts the assumption w(N) =A. m

Lemma 4.11 For an attractor A, the set A* = {x € X, w(x)NA=0} is a
repeller, called the complementary repeller. Then (A, A*) is called an attractor-
repeller pair.

Proof. Let N be a compact attractor neighborhood of A. Choose t* > 0 such
that cl (IV - [t*,00)) C N and define an open set V' by

V=X \cl(N-[t" 0)).

Then X = N UV. Furthermore V - (—oo,—t*] € X \ N and therefore V is a
neighborhood of w*(V) € X \ N C V. Hence w*(V) is a repeller. Furthermore,
by invariance w*(V') C A*. The converse inclusion follows, because A is isolated
invariant. m

Note that A and A* are disjoint. There is always the trivial attractor-repeller
pair A =X, A* = 0@.

Example 4.12 Consider again the dynamical system discussed in Examples
and[{.8 The nontrivial attractor-repeller pairs of this system are Ay = {1}
with AT = {0} U [2,3], Ay = [1,2] with A5 = {0} U {3}, and A3z = [1, 3] with
Az = {0}

A consequence of the following proposition is, in particular, that in the time
reversed system the complementary repeller of A* is A.

Proposition 4.13 If (A, A*) is an attractor-repeller pair and x ¢ AU A*, then
w*(z) C A* and w(x) C A.



Proof. By definition of A* it follows that w(x) N A # @. Thus there is top > 0
with « - tg € N, where N is a neighborhood of the attractor A with w(N) = A.
Hence there cannot exist a point y € w(z)\ 4, and hence w(z) C A. Now suppose
that there is y € w*(xz)\ A*. Thus by definition of A* one has w(y)NA # &. Using
continuous dependence on the initial value one finds that there are ¢,, — oo with
z-(—ty,) — A, and thus for n large enough, z-(—t,) € N. Clearly x-(—t,)-t, —
and hence w(N) = A implies that z € A, contradicting the choice of . Thus
wi(z) CA*. =

Trajectories starting in a neighborhood of an attractor leave the neighbor-
hood in backwards time.

Lemma 4.14 For a flow on a compact metric space X a compact invariant set
A is an attractor if and only if there exists a compact neighborhood N of A such
that x - (—00,0) € N for all z € N\ A.

Proof. The necessity of the condition is clear because z - (—00,0] C N implies
x € w(N). Conversely, let N be a compact neighborhood of A such that x -
(—00,0] € N for all z € N\ A. Thus there exists a t* > 0 such that - [—t*,0] €
N for all x € N Ncl(X \ N). Now choose a neighborhood V of A such that
V-10,t*] C N. Then V- [0,00) C N and hence w(V) = A and A is an attractor.
]

This implies the following characterization of attractor-repeller pairs.

Lemma 4.15 Let (z,t) — x -t be a flow on a compact metric space X. Then a
pair A, A* of disjoint compact invariant sets is an attractor-repeller pair if and
only if (i) x € X \ A* implies x - [0,00) NN # & for every neighborhood N of
A, and (ii) x € X \ A implies x - (—00,0] N N* # & for every neighborhood N*
of A*.

Proof. Certainly, these conditions are necessary. Conversely, suppose that (i)
holds and let W be a compact neighborhood of A with W N A* = @. Then (ii)
implies that z - (—00,0] € W for all z € W\ A. By Lemma@ this implies
that A is an attractor. Moreover, it follows from (i) that w(z) N A # @& for all
x € X\ A*. Hence A* = {z € X, w(z) N A = &} is the complementary repeller
of A. m

The following result characterizes Morse decompositions via attractor-repeller
sequences (it is often taken as a definition; cp. Rybakowski 23] Definition ITI.1.5
and Theorem III.1.8], Salamon [24], or Salamon and Zehnder [25].

Theorem 4.16 For a flow on a compact metric space X a finite collection of
subsets {My, ..., M} defines a Morse decomposition if and only if there is a
strictly increasing sequence of attractors

@=AyCA  CAC..CA, =X,
such that
M,_i=A1NA; for0<i<n-1.

10



Proof. (i) Suppose that {My,..., M, } is a Morse decomposition. Define a
strictly increasing sequence of invariant sets by Ag = @ and

A ={z e X, w'(z) C M, U..UM;_g41} fork=1,.. n

First we show that the sets Ay are closed. Clearly, the set A, = X is closed.
Proceeding by induction, assume that Ag; is closed and consider x; € Ay, with
x; — x. We have to show that w*(x) C M, U ...UM, _gy1. The induction
hypothesis implies that © € Ag41 and hence we have w*(z) C M, U...UM,,_g.
Because w*(z) C M; for some j € {1,...,n}, either the assertion holds or
w*(z) C My,_k. In order to see that the latter case cannot occur, let V be an
open neighborhood of M,,_j such that VN M; = & for j # n — k. There are a
sequence t, — oo and z € M,,_j, such that z-(—t,) € V and d(z-(—t,),2) < v~ !
for all ¥ > 1. Hence for every v there is a m, > v such that z,,, - (—t,) € V
and d(zy,, - (—t,), 2) < 2v71. Because w(z;) Uw*(z;) C My U...UM,,_1 for
all ¢, there are 7, < t, < o, such that z,,, - (—0,) and Z,, - (—7,) € OV and
T, (—t) € clV for allt € [r,,0,]. Invariance of M,,_ implies that ¢, — 7, — o0
as v — oo. We may assume that there is y € 0V with z,,, - (—0,) — y for
v — 00. Then it follows that y - [0,00) C clV and hence by the choice of V one
has w(y) C My —. Because Ayy; is closed and invariant, we have y € Agi1
and so w*(y) C M, U...U My_,. The ordering of the Morse sets implies that
y € My, _, contradicting y € V.

If Ay, is not an attractor, Lemma[4.14]implies that for every neighborhood N
of Ay, there is x € N\ Ay, with z-(—o00,0] C N. Then there is j > n—k+ 1 with
w*(z) C M;. On the other hand z ¢ A, implies w*(z) € My, U ... U My_j41,
hence w*(z) € M; for some ¢ < n — k + 1. This contradiction implies that Ay,
is an attractor.

It remains to show that M,,_; = A;;1NA}. Clearly, M,,_; C A;11. Suppose
that © € M,_; \ Af. Then w(z) C A; and therefore w(z) C M, for some
j > n—1+ 1. This contradiction proves M, _; C A;;1 N A}. If conversely,
x € Ajp1 N AL, then w*(z) C M, U ...UM, _;. From € A} we conclude

w(x) nNM,U..U Mnfi+1 C OJ(LC) NA;, =<

and hence w(z) C M;U...UM,,_;. Now the definition of a Morse decomposition
implies x € M,,_;.

(ii) Conversely, let the sets M;, ¢ = 1,...,n, be defined by an increasing
sequence of attractors as indicated earlier. Clearly these sets are compact and
invariant. If i < j, then M, ;N M,,_; = A1 NATNA; 11 NAT = A; 11 NAj C
Aj N A7 = @; hence the sets M; are pairwise disjoint. It remains to prove
that for z € X either z - R C M; for some j or else there are indices i < j
such that w*(z) C M,_; and w(x) C M,_;. There is a smallest integer ¢
such that w(z) C A;, and there is a largest integer j such that w*(z) C AJ.
Clearly ¢ > 0 and j < n. Now w(z) € A;_1, i.e.,, z € A} ;. Thus by invariance
z-R C A7 ; and w(z) C A7 ;. On the other hand, w*(z) € A}, and we
claim that - R C Aj4q1. In fact, otherwise z -t ¢ A, for some t € R. If
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now x -t ¢ A%, then w*(x) C A}, a contradiction, thus = -t € A%, and so
w(z) C Aj,4, again a contradiction. Hence indeed z-R C Aj41.

Now j > i —1, because otherwise j+1 < ¢—1 and thus A;41 C A;_1, which
impliessz-RC Af {NA;_1 =0. Ifj=i¢—1,thenz-RC A7 ;NA; = M,_,_1.
Ifj >i—1, thenw(z) C A7 NAj1 CAF NA =M,y and w*(z) C
A;f NAj11 = My_;. This proves the claim. m

Corollary 4.17 Let {M;, i = 1,...,n} be the finest Morse decomposition of a
flow on a compact metric space, with order <. Then the mazimal (with respect
to =) Morse sets are attractors, and the minimal Morse sets are repellers.

Proof. The results follows direcftly from Proposition [f.13]and Lemma[{.14] =

Example 4.18 We illustrate Theorem [[.16 by looking again at Ezample [3-3
For this system a strictly increasing sequence of attractors with their correspond-
ing repellers is

A():@CAl :{1}CA2= [1,2] C As = [1,3} CA4=[0,3],
A5 =10,3] D A1 ={0}U[2,3] D A5 ={0}U{3} D A; ={0} D A} = @.

The associated Morse decomposition is

My = A NAS = {1}, Mz = Ay N A} = {2},
My = A3N A; = {3}, My = A, n A3 = {0}.

Example 4.19 Consider the dynamical system defined in Example[-9 Accord-
ing to Theorem its only Morse decomposition is the trivial one M = {S'}.
This can also be seen directly from Definition [[.9 of a Morse decomposition:
The union of the Morse sets needs to contain all limit sets of individual points
x € S'. In this example we have

[ A=} forz e (0,n]
w(z) = { {0} forx € (m,0].

and

{n} forz € [r0).

Assume that there are two Morse sets My and Mo, with 0 € My and m € Ms.
This violates the no-cycle condition (i) of Deﬁmtion Hence the points 0
and m are in the same Morse set and the only Morse set is M = S'.

W (z) = { {0} forze[0,m)

5 Morse Decompositions and Chain Recurrence

We will now introduce the concept of chain recurrence and elaborate its relation
to Morse decompositions.
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Definition 5.1 Forz,y € X ande,T > 0 an (¢,T)-chain from x to y is given
by a natural number n € N, together with points

To=T,T1,...,Tn =y € X and times Ty,.. T,_1 > T,
such that d(x; - T;,x;41) <€ fori=0,1,...,n— 1.

Note that the number n of “jumps” is not bounded. Hence one may introduce
“trivial jumps.” Furthermore, as the notation suggests, only small values of & > 0
are of interest.

Definition 5.2 A subset Y C X is chain transitive if for all x,y € Y and
all e, T > 0 there exists a (¢,T)-chain from x toy. A point x € X is chain
recurrent if for all e, T > 0 there exists a (¢,T)-chain from x to x. The chain
recurrent set R is the set of all chain recurrent points.

Note that we do not require in this definition that the considered (e,T)-
chains lie in Y. It is easily seen that R is closed and invariant.

Example 5.3 Consider again the dynamical system discussed in Example[3.3
Obviously, all fized points are chain recurrent points: just pick any t, > 0
and any € > 0 and consider chains of the type x, = ®(tn, Tp_1) with xg =
x. In this example, there are no other points with this property, which can be
seen as follows: Consider a point x € [0,3] that is not a fized point and let
§ := mind(z,z*), where z* is a fived point. Let € := 36 and a := tli}r(r)loq)(tx).
Let T := min{t > 0, d(®(t,x),a) = €}. Fize, T and consider (¢,T)— chains
starting in x: xog = x, y1 = P(t,xz) for somet > T, then d(y1,a) < &, since
convergence of ®(t,x) to a is monotone. Pick x1 € U(yy,¢e) the e—neighborhood
of y1. Then d(xz,x1) > € and there are two possibilities: (a) v1 ¢ {®(t, ),
t > 0}, in this case d({®(t,z1), t > 0},2) > 3e. (b) 21 € {P(¢t,z), t > 0},
in this case d(®(t,x1),a)) < € for allt > T. Repeating the construction for
ya = ®(t,x1) for some t > T and xo € U(ya,e) we see that for all m € N it
holds that d(zn,x) > €, and hence there is no (¢,T)—chain from x to x. The
key to this example is that trajectories starting from x 'move away’ and cannot
return, even using jumps of size €, to x or w*(x), because of the topology of the
state space [0,3]. This is different in the following example.

Example 5.4 Consider the dynamical system defined in Example[[-9 In this
case we have R = S': Let x € S' and ¢,T > 0 be given, assume without
loss of generality that x € (0,x]. Since tlim O(t,x) = 7 there is t1 > T with
— 00

d(®(t1,z),7) < 5. Pickx, € U(m, 5)N(7,0). Because oftlim O(t,z1) =0 there
is ty > T with d(®(t2,x),0) < 5. Furthermore . lim @(t,z) = 0 and hence there
is t3 > T with xo := ®(—t3,x) € U(0,5). Now x = xo, 21, T2, T3 = = is an
(e,T)— chain from x to x.

In a similar way one constructs for any €, T > 0 an (¢,T)— chain from x to

y for any two points x,y € S', showing that this dynamical system is chain
transitive, and hence chain recurrent on St.

13



The next proposition shows that in R only the existence of a positive lower
bound for the times in (¢, T)-chains is important.

Proposition 5.5 Consider y € R and x € X and let 7 > 0. If for every e >0
there exists an (¢,7)-chain from x to y, then for every e, T > 0 there exists an
(e,T)-chain from x to y.

Proof. It suffices to show that for every ¢ > 0 there is an (e, 27)-chain from x
to y. By compactness of X the map @ is uniformly continuous on X x [0, 37].
Hence there is § € (O, %) such that for all a,b € X and ¢ € [0, 37]:

d(a,b) < ¢ implies d(a-t,b-t) < %
Now let a (d,7)-chain zy = =, z1,..., Ty, = y with times 79, ..., 71 > 7
be given. We may assume that 7, € [r,27]. We may assume that m > 2,
because we may concatenate this chain with a chain from y to y. Thus there
are ¢ € {0,1,...} and r € {2,3} with m = 2¢ + r. We obtain an (g, 27)-chain
from = to y given by points

Yo =T, Y1 = T2, Y2 = T4,.-y Yqg = T2q5 Yg+1 = Tm = Y

with times

1 3 m
T() = E Tiy T1 = E Tiyeees Tq = E Ti-
=0 1=2

1=2q

This follows by the triangle inequality and the choice of §. m

Theorem 5.6 The flow restricted to a mazimal (with respect to set inclusion)
chain transitive subset of the chain recurrent set R is chain transitive. In par-
ticular, the flow restricted to R is chain recurrent.

Proof. Let y,y € Y C R, where Y is a maximal chain transitive set in
R. For every p € N there is an (1/p,1)-chain in X from y to y’, say with
To = Y, T1,...,Tn, = ¥ € X and times Té’,...,Tﬁp_l € [1,2]. Define K, =
Ui?o {z; - [0,TF]}. By Blaschke’s theorem (Theorem , there exists a subse-
quence of K, converging in the Hausdorff metric dy to some nonvoid compact
subset K C X with y,9' € K. We claim that for all z, z € K and all ¢ € N
there is an (1/g,1)-chain in K with times T, ...,qu,l € [1,2] from z to z. In
particular, this implies K C Y and hence the assertion follows.

The claim is proved as follows. The flow is uniformly continuous on the
compact set X x [0,2]. Hence there is a number § > 0 such that

1
d(a,b) < ¢ implies d(a - t,b-t) < 3 for all ¢t € [0, 3].

Choosing p € N with p > max {3q, 5’1}and dm(Kp, K) < 0 one can construct
a (%, 1)-chain from z to z in K as required. ®
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Proposition 5.7 A closed subset Y of a compact metric space X is chain tran-
sitive if it is chain recurrent and connected. Conversely, if the flow on X is chain
transitive, then X is connected.

Proof. Suppose first that Y is chain recurrent and connected. Let z,y € Y
and fix e, T > 0. Cover Y by balls of radius /4. By compactness there are
finitely many points, say yi1,...,yn—1 € Y such that for all z € Y there is y;
with d(z,y;) < €/4. Define yo = = and y,, = y. Because Y is connected the
distance between the points y; is bounded below by %5. Now use that by chain
recurrence of the flow there are (£/4, T)-chains from y; to y; for i = 0,1,..n — 1.
Appropriate concatenation of these chains leads to an (e, T')-chain from z to y.
Hence chain transitivity follows.

Conversely, let the flow on X be chain transitive. If X is not connected, it
can be written as the disjoint union of nonvoid open sets V' and W. Then these
sets are also closed, hence compact and

go = inf {d(v,w), ve V,we W} > 0.

Hence for € < g¢/2 there cannot exist (¢, T)-chains from an element of V' to an
element of W. m
We obtain the following characterization of the connected components of R.

Theorem 5.8 The connected components of the chain recurrent set R coincide
with the mazimal chain transitive subsets of R. Furthermore, the flow restricted
to a connected component of R is chain transitive.

Proof. By Theorem [5.6] we know that the flow restricted to a maximal chain
transitive subset Ry of R is chain transitive. Hence by the second part of
Proposition Ry is connected and thus contained in a connected component
of R. Conversely, the first part of Proposition [5.7] implies that every connected
component of R is chain transitive, because it is closed, chain recurrent, and
connected. Hence the first assertion follows. The second claim is an immediate
consequence. W

The connected components of R are called the chain recurrent components.

Example 5.9 Consider again the dynamical system discussed in Examples[3.3
and[5-3 For this example, the components of the chain recurrent set, i.e. the
chain recurrent components are {0}, {1}, {2}, and {3}.

Example 5.10 An example of a flow for which the limits sets from points
are strictly contained in the chain recurrent components can be obtained as
follows: Let M = [0,1] x [0,1]. Let the flow ® on M be defined such that
all points on the boundary are fixed points, and the orbits for points (z,y) €
(0,1) x (0,1) are straight lines ®(-, (z,y)) = {(z1,22), 21 = x, 22 € (0,1)} with
lim; 400 D(t, (z,y)) = (x,£1). For this system, each point on the boundary is
its own a- and w-limit set. The a-limit sets for points in the interior (z,y) €
(0,1) x (0,1) are of the form {(x,—1)}, and the w-limit sets are {(x,4+1)}. The
only chain recurrent component for this system is M = [0,1] x [0, 1], which is
also the only Morse set.
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We also note the following simple lemma, which indicates a uniform upper
bound for the total time needed to connect any two points in a chain recurrent
component.

Lemma 5.11 Let Ro be a chain recurrent component and fix €, T" > 0. Then
there exists T'(e,T') > 0 such that for all x, y € Ro there is an (¢, T)-chain from
x to y with total length < T'(e,T).

Proof. By assumption, one finds for all z, y € Ry an (5, T)-chain from z to
y. Using continuous dependence on initial values and compactness, one finds
finitely many (e, T')-chains connecting every z € Ry with a fixed z € Ry. One
also finds finitely many (modulo their endpoints) (e, T')-chains connecting z with
arbitrary elements y € Rg. Thus one ends up with finitely many (e, T')-chains
connecting all points in Rg. The maximum of their total lengths is the desired
upper bound T'(¢,T). m

6 Chain Recurrence and Attractors

We proceed to analyze the relation between chain recurrence and attractors,
leading to the main result in Theorem [6.4

Definition 6.1 ForY C X define the chain limit set

QY) = {z € X, there is y € Y such that for all e,T >0 }

there is an (¢,T)-chain fromy to z
Furthermore, for e, T > 0 define
QY,e,T)={z € X, there arey € Y and an (g, T)-chain from y to z}.
One easily sees that w(Y) C Q(Y).

Proposition 6.2 ForY C X the set Q(Y) is the intersection of all attractors
containing w(Y').

Proof. Note that Q(Y) = (. 750 Y,e,T), and for £,7 > 0 define N :=
c(Q(Y,e,T)). Then w(N) C QY,e,T) C int N, where the second inclusion
follows because Q(Y, ¢, T') is open and contained in N. Now let z € w(N). Then
there are t, — oo and x,, € N with z, - ¢, — z. Choose ng € N, 6 > 0 and
p € QY,e,T) with

d(p, Tny) <6, tny > T, and d(Tp, - tng,2) < %,
A(Zng * tngs Tng * tno) < % for all z with d(z,zp,) < 0.

By definition of p there is an (g, T)-chain from some y € Y to p and we obtain

€ €
A tng, 2) < AP trgs Tng * tng) + A(Tng * tngs2) < 3 + 3= €.
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Thus concatenation yields an (¢, 7T)-chain from y to z.

We have shown that A := w(N) is a closed invariant set with neighborhood
N, hence an attractor. By invariance of Q(Y) we have A = w (cl(Q(Y,¢,T))) D
QY) D w(Y). Direct inspection shows that Q(Y) = w(Q(Y)) in fact equals the
intersection of these attractors containing w(Y").

Now suppose that A is any attractor containing w(Y). Let V be a neighbor-
hood of A disjoint from A* and let ¢ > 0 be such that (clV -t) C V. Let

0<e<inf{d(y,z),yeVand z ¢ clV -t}.

Choose T' > t such that Y - T C cl(V - t). Then every (e, T)-chain from Y must
end in V. Therefore, if w(z) C A, then also Q(z) C A and hence Q(Y) is the
intersection of all attractors containing w(Y’). m

This proposition implies, in particular, that a chain transitive flow has only
the trivial attractor A = X, because for every Y C X one has that Q(Y) = X.

Example 6.3 Consider again the dynamical system discussed in Example
For this dynamical system we have for any subset Y C [0, 3] that w(Y) = Q(Y).

The proof is a combination of Examples and[5.3 But Ezample shows
that strict inclusion may hold.

We obtain the following relation between the chain recurrent set and attrac-
tors.

Theorem 6.4 The chain recurrent set R satisfies

R = ﬂ {AUA*, Ais an attractor} .

In particular, there exists a finest Morse decomposition { My, ..., My} if and
only if the chain recurrent set R has only finitely many connected components.
In this case, the Morse sets coincide with the chain recurrent components of R
and the flow restricted to every Morse set is chain transitive and chain recurrent.

Proof. If A is an attractor and « € X, either w(z) C A or w(z) C A*. Ifz € R,
then, by Proposition [6.2} « is contained in every attractor, which contains w(z).
Hence z € AU A*. Conversely, if x is in the intersection, then x is in every
attractor containing w(x). Hence z € Q(x), that is z € R.

If there exists a finest Morse decomposition, then the flow restricted to a corre-
sponding Morse set must be chain transitive, hence the Morse sets are connected
components of R. Conversely, the connected components M; of R define a
Morse decomposition, because they are isolated invariant sets ordered by .
In fact, this is the finest Morse decomposition: Using the characterization of
Morse decompositions via increasing attractor sequences, one sees that a finer
Morse decomposition would imply the existence of an attractor A such that
AN M, is a proper subset of M; for some ¢, and hence this would be an at-
tractor of the flow restricted to M;. This contradicts chain transitivity of M;.
]
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Remark 6.5 There are at most countably many attractors, cp. [0, Chapter 3,
Proposition 8] or [ZI, Lemma 9.1.7.].

Finally, we show chain transitivity of the flow restricted to a limit set.

Proposition 6.6 If the flow is topologically transitive, then it is chain transi-
tive. In other words, a flow restricted to an w-limit set w(x) with x € X is chain
transitive.

Proof. Because w-limit sets are connected, it suffices by Proposition[5.7]to show
that the flow restricted to w(x) is chain recurrent. Define a flow (y,t) — y -t
on [—1,1] by the equation § = 1 — y?. On X x [—1, 1] define a flow by (x,y) —
(x-t,y-t). Then Z = cl ((z,0) - R) is a compact invariant set. By Theorem [6.4
the chain recurrent set contains all w-limit sets, and hence the chain recurrent
set of the flow restricted to Z is

R(Z) = w*(z) x {-1}Uw(z) x {1}.

By Theoremthe flow restricted to R(Z) is chain recurrent and the connected
components of R(Z) are chain transitive. Hence the flow restricted to w(x) x {1}
and thus the flow restricted to w(x) are chain recurrent. m

7 Ergodic Theory for Chains

In this section we explain how the classical construction of invariant measures
as occupation measures along trajectories can be generalized to the construction
along chains.

Standard references for the ergodic theory of flows. are Katok and Hassel-
blatt [[4], Mafié [[3], and Nemytskii and Stepanov [I1]; see also Pollicott [20].
Recall that a o-algebra on a set X is a family A of subsets of X such that
X € A, the complement of every A € A is again in A, and countable unions
of elements in A are in A; in particular, this implies that finite intersections
of elements in A are in A. For a metric space X the Borel o-algebra is the
smallest o-algebra containing all open (and hence all closed) subsets of X; the
elements of this o-algebra are called Borel sets. A map p: A — R is a measure
on a o-algebra A, if for every countable family (4;);en of pairwise disjoint sets

Ai cA - -
u(J A0 =D n(4y).

A probability measure is a measure with pu(X) =1 and p(A) > 0 for all A. For
a flow ® on a metric space X an invariant measure p is a probability measure
on the Borel g-algebra of X such that

w(A) = p(P_tA) = p({z € X, O(z) € A}

for all t € R and all Borel sets A. It suffices to require this condition for all open
(or all closed) subsets A C X. In the following, let X be a compact metric space.
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Then the probability measures coincide with the Radon probability measures,
that is the continuous linear functionals u from the space of continuous functions
C(X) to R with pu(xx) =1 where xx(z) = 1 for all z € X, and u(f) > 0 for all
f € C(X) with f(x) > 0. The support supp(u) of a measure p is the smallest
closed subset K of X such that u(f) = 0 if f vanishes on K. An invariant
measure is called ergodic if

p(AA(P_;A)) =0 for all t € R implies pu(A) =0 or u(A) =1,

where for subsets A, B C X the symmetric difference is denoted by AAB =
A\ BUB\ A. The set of invariant measures is convex and weakly compact and
the extremal points are the ergodic measures; see [[3 Proposition I1.2.5] or [[4]
Lemma 4.1.10].

A classical construction due to Krylov-Bogolyubov yields invariant measures
as occupation measures along trajectories. Given x € X and T > 0 define a
continuous linear functional L on C(X) by

T
Lf = %/0 F(Dyz) dt.

This defines a Radon probability measure v on X. For every sequence T}, — oo
a subsequence of the corresponding measures v, converges weakly to a Radon
probability measure p, on X. This measure is in fact invariant for the flow ®
(see, e.g., [0 Theorem VI1.9.05]), and hence the set Mg of invariant measures
is nonempty. This construction can be generalized to obtain invariant measures
via chains.

Let ¢ be an (¢,T)-chainin X givenbyn e N, T; > T, x; € X, i =0,1,...,n.
Then a continuous linear functional Ly on C(X) is defined by

n—1 —1p1 T;
Lef = <ZOT> ZO/O f(®y;) dt.

For ¢ =0,...,n — 1, the map

1 [T
f'—’i/o f(®ex;) dt

defines a Radon probability measure v; on X. The measure v corresponding to
L¢ is a convex combination of the v;, hence also a Radon probability measure.
Now consider for ¥ — 0, T — oo a sequence of (Ek,Tk)—chains ¢k, given by
n* €N, TF > T* and z¥ € X fori = 0,....,n* — 1, k € N. Define L* for ¢*
as earlier with corresponding measure v*. As k — oo, a subsequence of (V%)
denoted again by (v*), converges weakly to a Radon probability measure u on
X, i.e., we have for all f € C(X)

—1
nF—1 nk—1

: k & k
jm | X)X | r@atyae= [ rau (3)
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Theorem 7.1 Let ® : R x X — X be a continuous dynamical system on the
compact state space X. Then the measure p defined in (@) s invariant under
the flow, that is, for oll f € C(X) it holds that

/f )dp = /f ))dp for all T € R.

Proof. This assertion is—as in the standard Krylov-Bogolyubov construction—
seen as follows: For 7 € R and all 4, k

TF TF
f(‘bt+r$f)dt— f(®@f) dt
0
T Tik+7- TF
<|[r@abar [T p@atya- [ @)
T Ti’C 0

< 27 max | f(z)]

Hence for all § > 0 and all 7% > T > 0 large enough, one has

nF—1 ! nF—1 Tik
YT 3 {/0 [f(®rpral) — f(Dra))] dt} <,
=0 =0

proving the assertion. m

8 Chain Recurrence for Families of Dynamical
Systems

In general limit sets, Morse sets and chain recurrent components do not de-
pend continuously on system parameters, see, e.g., bifurcation scenarios like the
pitchfork or Hopf bifurcation, or the discussions and results on control flows in
[6l. However, an upper semicontinuity holds for chain transitive sets, which will
be made precise in this section.

Consider a family of dynamical systems on a compact metric space X de-
pending on a papameter o € A C R¥ of the form

P AXRXX —RxX (4)

where A is a (path) connected set and ® is continuous in all components. We
need some properties of set valued maps I' defined on a metric space A with

nonvoid value sets in a metric space X; compare, e.g., Castaing and Valadier
El, Aubin and Frankowska [2, or Warga [27].

Definition 8.1 A set valued map I' : A — X 1is lower semicontinuous at
ag € A if for all € > 0 there is § > 0 such that d(a,ag) < § implies that
SUP,e P(ag) U@, I'(a)) < e. It is called upper semicontinuous at g € A, if for all
€ > 0 there is 6 > 0 such that d(a, ap) < 0 implies that sup ¢ p(q) d(z, I'()) <
E.
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Note that I is upper and lower semicontinuous if and only if it is continuous
with respect to the Hausdorff metric . Furthermore, if I' has compact values,
lower semicontinuity is equivalent to

I'(ap) C liminf T(a) := {

a—ag

re X, forall ap — ain A
there are xy € T'(ag) with zp — x

Upper semicontinuity is equivalent to

') D limsup I'(e) :=

a—aq

r € X, there are ap, — ain A
and zy € T'(ag) with xp — =

The following theorem shows that maximal (with respect to set inclusion) chain
transitive subsets Y C X depend upper semicontinuously on o € A.

Theorem 8.2 Consider the parameter dependent system . For a sequence
ar — ag in A consider maximal chain transitive sets E“* C X of O‘k‘ Then
there exists a maximal chain transitive set E*° of ao such that

lim sup o), —ao B := {z € X, there are x“* € E“* with % — x} C E°.

Of course, the set on the left-hand side of this inclusion may be empty, in which
case the statement is trivial.

Proof. Pick !, y? in limsup 4, —a, E“*. We have to show that y! and y? are in
some chain transitive set of @0“’. Let e, T > 0. We will construct an (e, T')-chain
from y!' to y?. For i = 1,2, one has ¥’ = limj_ xfg with xz € E* ke N
For all k € N there are (£,T)-chains from z} to z%, i.e., there are ny € N,

3
26,2k, € X and tf, .. tF | > T with 2§ = 2}, 25 = a7 and
€
d(®" (¢5,24), 25 1) < < forj = 0,1,.my, — 1. (5)

3

Using compactness of X and continuity of the family ®* one finds kg € N such
that for all k > kg, all z € X, and all 0 <t < 2T

A(D(t, 2), B* (L, 2)) < % (6)
We may choose kg so large that we also have for k > kg
d(@™ (T,y"), & (T, 2})) < (7)

and .
Awdv?) < 5. (5)
In the following, we will fix k > kg and drop the index k everywhere except in
ag. Define an (g, T)-chain for ay from y! to y? in the following way. The points
are
Yo,0 = yla Yo,1 = @ak(T7x1)7 and fOI'j = 1727 sy = 1
Yji = Pt (iTa Zj)? 1= O, 17 ~'~7ij7 and Yn = y27

)
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where i; € N is such that (i; +1)T < t; < (i; +2)T; and the times are

too =1, and for j =1,2,....,n—1

tii=T, i=0,1,..,4; — 1, t;;, =t; —i;T. (10)

In fact, this is an (g, T)-chain from y' to y? with 1+ 27;11 i; jumps of size less
than e:
d(®°(t0,0,%0,0); Yo,1) = d(®*(T,y"), @ (T,z")) < e

by@forz—(),l,..., i—1,57=1..,n-1

d(®(t),5,Y5,i)s Yjiv1)
= d(@ (T, ™ (iT, z;)), D** ((i + )T, 25))
— (O (T, B (i, 2,)), B+ (T, 8 (iT, 2;)))

by (0); for i =i, j=0,1,...,n—1

d(% (t1,i;5 Y3,i; ) Yi+1,0)
d(®0(t; — i1, 2 (15T, Z]))azj-‘rl)
< d(PY(t; — 4T, D (4T, z5)), P (t; — i, T, D (3,T, 2)))

+d(®* (5, 2), 2j+1)

A
™

by @ and . Finally, for j=n—1and i =i; =4,

A(® (5.6 Yji)» Yi+1)
=d(®*(tn-1— 1T, Yn—1,in_1 ) Yn)
:d(q)%(tn 1 =1 T, 0% (i 1T, 2n—1)), y?)
< d(DY(tp—1 — in-1T, P (11T, 2pn—-1)),
D (b1 — by 1 T, P (ip—1Ty 2n—1)))
@ (b1 70 1),22) + (22, 5?)
€ € ¢
< 3 + 3 + 37¢

by @, 7 and . [

In specific situations, stronger results are valid. One such situation is given
by a one-parameter family @O‘ with @« € A C R and an increasing family of
chain transitive sets. This situation is common in the theory of control flows,
compare, e.g., [@. Indeed, the following, more general result holds.

Proposition 8.3 Let T be a set valued map defined on a real interval [ov., a*),
0 < a, < af < oo, with compact values in a compact metric space X and
suppose that T' is monotonically increasing, that is,

I'a) C T(d) ifa<d.
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Then T is continuous (with respect to the Hausdorff metric) at all but at most
countably many points ag € [, ™).

Proof. Let {z,, n € N} be a countable dense subset of X. Then for every

n € N the map a — ¢, (a) := d(z,,I'(«)) is monotonically decreasing, hence it

has at most countably many points p*, m € N, of discontinuity (see Natanson

I8 or Hewitt and Stromberg [[2]). Thus it is sufficient to show that every point

ag of discontinuity of I" is also a point of discontinuity for some c,. Then the
m

countable set {a]', n,m € N} contains all points of discontinuity of I". Let first
a > ap and consider

dp(T(a),T(an)) = sup d(z,T(a)).
z€l ()

If lima, \ oo 4 (F(ax),I'(ap)) =: 39 > 0, then there is for all k large enough a
point yi € I'(ax) C T'(a,) for m < k with d(yx,I'(ag)) > 3e9. Every cluster
point y of this sequence satisfies y € I'(a,) for all £ and d(y, I'(ap)) > 3g¢. Then
there is a point x,, with ¢,(ap) = d(z,,T'(ap)) > 2e¢ and d(x,,y) < £o; hence
en(ag) = d(xn, T(ag)) < go for all k. Thus ¢, is discontinuous at o = ag. For
ar /" ap one argues similarly. =

Remark 8.4 Proposition is known as Scherbina’s Lemma; see Pilyugin [I9,
Lemma 4.1.3] and Scherbina [20]. Scherbina’s Lemma [Id states that increas-
ing, compact-valued mappings defined on [0,00) are continuous with respect to
the Hausdorff metric at all but countably many a—values

Remark 8.5 The preceding elementary proof is based on the classical fact that
real-valued monotonically increasing maps have at most countably many points
of discontinuity (Carathéodory [, § 158, p.154), which, in turn, is based on the
elementary fact that an uncountable sum of positive numbers cannot be finite
(123, p. 38). See, however, [, § 156, for an example, where these points of
discontinuity are everywhere dense.
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